Abstract. It was proven in [13] that every Lagrangian submanifold M of a complex space form M n (4c) of constant holomorphic sectional curvature 4c satisfies the following optimal inequality:
Introduction
Let M be an n-dimensional Riemannian manifold and denote for all p ∈ M and for all plane sections π ⊆ T p M , the sectional curvature of M associated with π by K(π). If L is an r-dimensional subspace of T p M with 2 ≤ r ≤ n and {e 1 , . . . , e r } is an orthonormal basis of L, the scalar curvature of L is defined by τ (L) = r α,β=1 α<β K(e α ∧ e β ).
(1.1)
It is easily checked that this definition does not depend on the chosen orthonormal basis of L. In particular, the scalar curvature τ of M at p is defined to be τ (p) = τ (T p M ). For given integers n ≥ 3 and k ≥ 1, we denote by S(n, k) the finite set consisting of all k-tuples (n 1 , . . . , n k ) of integers satisfying 2 ≤ n 1 ≤ · · · ≤ n k ≤ n − 1 and n 1 + · · · + n k ≤ n. Denote the union k≥1 S(n, k) by S(n). For each (n 1 , . . . , n k ) ∈ S(n), the first author introduced in [7] the Riemannian invariant δ(n 1 , . . . , n k ) defined by
for any p ∈ M n , where L 1 , . . . , L k run over all k-tuples of mutually orthogonal subspaces of T p M n such that dim L j = n j for j = 1, . . . , k.
For any submanifold of a real space form of constant sectional curvature c, we have the following sharp general inequality relating intrinsic data of the submanifold (the δ-invariant) with extrinsic data of the immersion (the mean curvature). We refer to [7, 9] for more details. Theorem 1.1. Let M be an n-dimensional submanifold of a real space form of constant sectional curvature c. Then for each k-tuple (n 1 , . . . , n k ) ∈ S(n) and at any point p ∈ M , the following inequality holds:
where H 2 is the squared mean curvature of M at p and b(n 1 , . . . , n k ) is defined by b(n 1 , . . . , n k ) = n(n − 1) 2 − k j=1 n j (n j − 1) 2 .
The same inequality holds for Lagrangian submanifolds of a complex space formM n (4c), but it is not optimal in that case. Recall that a submanifold of a Kähler manifold is called Lagrangian if the almost complex structure J induces an isomorphism between the tangent space and the normal space at every point or, equivalently, if the Kähler 2-form restricted to the submanifold vanishes.
An optimal result for Lagrangian submanifolds was obtained in [13] , where a distinction needed to be made between the cases n 1 + . . . + n k < n and n 1 + . . . + n k = n. In particular, we obtained the following results. Theorem 1.2. Let M be a Lagrangian submanifold of a complex space formM n (4c). Then for each k-tuple (n 1 , . . . , n k ) ∈ S(n) with n 1 + . . . + n k < n, and at any point of M n , the following inequality holds:
2 n − k j=1 n j + 3k + 2 − 6 k j=1 1 2+nj
where b(n 1 , . . . , n k ) is as in Theorem 1.1. Theorem 1.3. Let M be a Lagrangian submanifold of a complex space formM n (4c). Then for each k-tuple (n 1 , . . . , n k ) ∈ S(n) with n 1 + . . . + n k = n, and at any point of M n , the following inequality holds: δ(n 1 , . . . , n k ) ≤
where b(n 1 , . . . , n k ) is as in Theorem 1.1.
In both cases, a (different) full description of the second fundamental form of those submanifolds realizing equality in the inequality at any of their points is also given in [13] . We call such a Lagrangian submanifold δ(n 1 , . . . , n k )-ideal. Since the mean curvature is a measure for the tension a submanifold experiences from its shape in the ambient space, the submanifolds are shaped ideally in the sense that they experience the least amount of tension, given their intrinsic geometry. The full descriptions of the second fundamental forms would require us to introduce a lot of new notation, so we will restrict to the case treated in this paper, which is a special case of Theorem 1.3. If the equality sign in (1.3) holds at a point p, then there exists an orthonormal basis {e 1 , . . . , e n } of T p M such that the components of the second fundamental form, h The purpose of this paper is to classify δ(2, n − 2)-ideal Lagrangian submanifolds in complex space forms for n ≥ 5. Remark that the latter condition is necessary: for δ(2, 2)-ideal Lagrangians inM 4 (4c), the description of the second fundamental form is different (cfr. [13] ). The paper is organised as follows. Section 2 contains some preliminaries on submanifold theory and in particular on Lagrangian submanifolds of complex space forms. In Section 3, the second fundamental form of δ(2, n − 2)-ideal Lagrangian submanifolds of complex space forms with complex dimension n ≥ 5 is determined, along with some additional information. It turns out that, apart from the minimal case, case (I), there are two other cases to consider: case (II) is completely solved in Section 4, by reducing it to a special case of a family of Lagrangians studied in [15] . Case (III) is more involved and is treated in Section 5. Section 6 contains the final conclusions of the paper.
Preliminaries

Basic formulas.
IfM n (4c) is a complete simply connected Kähler n-manifold with constant holomorphic sectional curvature 4c, thenM n (4c) is holomorphically isometric to the complex Euclidean n-space C n , the complex projective n-space CP n (4c), or the complex hyperbolic nspace CH n (−4c) according to c = 0, c > 0 or c < 0 respectively. These manifolds are known as complex space forms.
Let M be a Lagrangian submanifold ofM n (4c). Denote the Levi-Civita connections of M and M n (4c) by ∇ and∇, respectively. The formulas of Gauss and Weingarten are given respectively by (cf. [9] )∇
for tangent vector fields X and Y and normal vector fields ξ, where h is the second fundamental form, A is the shape operator and ∇ ⊥ is the normal connection. The second fundamental form and the shape operator are related by h(X, Y ), ξ = A ξ X, Y . The mean curvature vector field of M is defined by H = (trace h)/n and the squared mean curvature is given by H 2 = H, H . For a Lagrangian submanifold, we have (cf. [9, 14] )
2)
for all tangent vector fields X and Y . Formula (2.3) implies in particular that the so-called cubic form (X, Y, Z) → h(X, Y ), JZ is totally symmetric. For an orthonormal basis {e 1 , . . . , e n } of T p M , we put
The equations of Gauss and Codazzi are given respectively by
where R is the curvature tensor of M and ∇h is defined by
2.2. Horizontal lifts of Lagrangian submanifolds. We recall the link between Legendre submanifolds and Lagrangian submanifolds (cf. [9, 18] ). Case (i): CP n (4). Consider the Hopf fibration π : S 2n+1 → CP n (4), where S 2n+1 is the unit sphere in C n+1 . For a given point u ∈ S 2n+1 , the horizontal space at u is the orthogonal complement of iu, i = √ −1, with respect to the metric on S 2n+1 induced from the metric on C n+1 . Let L : M → CP n (4) be a Lagrangian isometric immersion. Then there is a covering map τ :M → M and a horizontal immersionL :
Thus each Lagrangian immersion can be lifted locally (or globally if M is simply connected) to a Legendre immersion of the same Riemannian manifold. In particular, a minimal Lagrangian submanifold of CP n (4) is lifted to a minimal Legendre submanifold of the Sasakian manifold S 2n+1 . Conversely, suppose thatL : equipped with the pseudoEuclidean metric g 0 = −dz 1 dz 1 + dz 2 dz 2 + . . . + dz n+1 dz n+1 and look at
with the canonical Sasakian structure, where , is the induced inner product from g 0 . In particular, H , given by z → λz, and at each point z ∈ H 2n+1 1 , the vector ξ = iz is tangent to the flow of the action. Since the metric g 0 is Hermitian, we have ξ, ξ = −1. The quotient space H 2n+1 1 / ∼, under the identification induced from the action, is the complex hyperbolic space CH n (−4) with constant holomorphic sectional curvature −4 whose complex structure J is induced from the complex structure on C . Conversely, ifL : , we have In this section, we prove two lemmas. The first one, Lemma 3.1, describes the second fundamental form of a δ(2, n − 2)-ideal Lagrangian submanifold of a complex space form pointwise and follows from Theorem 1.4. The second one, Lemma 3.2, describes the second fundamental form in terms of a local orthonormal frame.
Lemma 3.1. Let M be a Lagrangian submanifold of a complex space formM n (4c), n ≥ 5, satisfying the equality case of (1.3) at a point p ∈ M . Then there exist an orthonormal basis {e 1 , . . . , e n } of T p M and real numbers γ, λ, µ and h
h(e 1 , e i ) = λJe i , h(e 2 , e i ) = µJe i , h(e i , e j ) = δ ij (λJe 1 + µJe 2 ) + Remark that the conditions (1.4)-(1.6) remain true for any choice of orthonormal basis in span{e 1 , e 2 }. In particular, we can assume that the following function, defined on a compact set, attains its global maximum in e 1 :
This implies that the function F : R → R : θ → φ((cos θ)e 1 + (sin θ)e 2 ) attains a maximum at θ = 0. Computing the first and second derivatives of F gives respectively h We now obtain the result by putting γ = h Remark that, under the assumptions of Lemma 3.1, the mean curvature vector at the point p is given by
It is not clear whether the orthonormal bases given by Lemma 3.1 at every point of a δ(2, n−2)-ideal Lagrangian submanifold of a complex space form can be pasted together to form a differentiable orthonormal frame. However, we have the following local result. (I) H = 0. (II) There exists a differentiable orthonormal frame {E 1 , . . . , E n } such that the second fundamental form satisfies (III) There exists a differentiable orthonormal frame {E 1 , . . . , E n } such that the second fundamental form satisfies
for i, j ≥ 3, where γ, λ, µ and h k ij are differentiable functions, the latter being symmetric in the three indices, satisfying γ > 0, γ > 2nλ/3 and h
Moreover, at every point, λ = 0 or µ = 0, and also µ = 0 or γ = (n − 1)λ.
Proof. Define V 1 = {p ∈ M | H(p) = 0} and V 2 = {p ∈ M | H(p) = 0} int , where the superscript "int" denotes the interior. Clearly, all points in V 2 satisfy case (I).
On V 1 , we consider the (1, 1)-tensor field
where D is the orthogonal complement of span{JH} in the tangent space to M and π D is the orthogonal projection onto D at every point. Define further
If p ∈ V 12 and {e 1 , . . . , e n } is an orthonormal basis of T p M as in Lemma 3.1, it follows from the definition of V 12 and a straightforward computation using (3.1), (3.5) and (3.8) that γ = (n − 1)λ and µ = 0. In particular, e 1 lies in the direction of H(p). This means that we can extend {e 1 , . . . , e n } to an orthonormal frame {E 1 , . . . , E n } on V 12 , where E 1 lies in the direction of H at every point, and we are in case (II). Finally, let p ∈ V 11 and consider an orthonormal basis {e 1 , . . . , e n } of T p M as in Lemma 3.1. Putting (D 1 ) p = span{e 1 , e 2 } and (D 2 ) p = span{e 3 , . . . , e n }, we shall now prove that D 1 and D 2 are differentiable distributions on V 11 . If h(JH(p), JH(p)) is not parallel with H(p), then the same holds in a neighborhood of p and it follows from (3.1) and (3.5) that D 1 = span{JH, Jh(JH, JH)} in this neighborhood. Hence, D 1 is differentiable in this neighborhood. If, on the other hand, h(JH(p), JH(p)) and H(p) are parallel, then, by the definition of V 11 , we have that K p is not a multiple of id Dp and it follows from (3.1) and (3.8) that the matrix of K p with respect to the orthonormal basis (µe 1 − λe 2 )/ λ 2 + µ 2 , e 3 , . . . , e n of D p , is given by
. . .
for some real number α = λ 2 + µ 2 . The same holds in a neighborhood of p and hence there is a well-defined one-dimensional eigendistribution of the tensor field K, say span{X 0 }. Since K is differentiable, the vector field X 0 can be chosen to be differentiable and hence D 1 = span{JH, X} is differentiable in a neighborhood of p. In both cases, D 2 is differentiable since it is the orthogonal complement of D 1 in T M .
Let {X 1 , X 2 } be differentiable orthonormal vector fields on V 11 spanning D 1 at every point and {E 3 , . . . , E n } differentiable orthonormal vector fields on V 11 spanning D 2 at every point. In order to obtain case (III) of the lemma, we have to find a differentiable function θ on V 11 such that
The latter equation has in general several differentiable solutions for θ. However, since we want E 1 = (cos θ)X 1 + (sin θ)X 2 to maximize φ, we have to restrict to points for which the number of solutions, say in [0, 2π), does not change in a neighborhood to guarantee differentiability of θ. If we define V 111 as the set of those points in V 11 for which the number of solutions for θ of (3.9) in [0, 2π) does not change in a neighborhood of the point, we can construct an orthonormal frame on V 111 satisfying (3.7) as explained above. Remark that γ > 0 and γ > 2nλ/3 follow from the last sentence of Lemma 3.1 and the fact that H is nowhere vanishing on V 111 . Moreover, the fact that λ = 0 or µ = 0 also follows from the non-vanishing of H and the fact that µ = 0 or γ = (n − 1)λ follows from the definition of V 11 and the computation which led to case (II) above. As a conclusion, the subset V ⊆ M we are looking for is the disjoint union
which is open and dense in M by construction.
We will proceed with the classification as follows. In Section 4, we give a classification in case (II), based on results in [15] . In Section 5, we give a classification in case (III) and, finally, Section 6 contains the overall conclusions. We will not elaborate on case (I) in general, however, we remark the following.
, n ≥ 5, for which the orthonormal bases given in Lemma 3.1 can be pasted together to form a differentiable orthonormal frame {E 1 , . . . , E n }, then the second fundemental form is given by If γ = 0, the Lagrangian submanifold is minimal δ(n − 2)-ideal. If γ > 0, a long argument, very similar to the one we will give in Section 5.1, can be used to prove that there are three possibilities: the Lagrangian submanifold is either minimal δ(2)-ideal, minimal δ(2, k)-ideal for some k satisfying 2 ≤ k < n − 2 or it is a direct product of a minimal δ(2)-ideal Lagrangian surface in C 2 and a minimal δ(n − 2)-ideal submanifold of C n−2 . The latter case only occurs for c = 0. The family of minimal δ(2)-ideal Lagrangians is too large to classify. On the other hand, minimal δ(2, 2)-ideal Lagrangians in dimension 5 were classified in [16] .
Classification in case (II) of Lemma 3.2
Let M be a Lagrangian submanifold of a complex space formM n (4c), n ≥ 5, satisfying case (II) of Lemma 3.2. It was proven in [15] that such a submanifold is a warped product I × f N of an open interval I and an (n − 1)-dimensional factor N . Moreover, E 1 is tangent to I and the Lagrangian immersion is constructed from a curve depending on a parameter t ∈ I, determined by a system of ODEs and a Lagrangian immersion of the manifold N , for which the components of the second fundamental form are, up to a factor depending on t, equal to the corresponding components of h.
Combining this result with Lemma 3.1 yields that there exists an orthonormal basis {e 2 , . . . , e n } for every tangent space to N such that the components of the second fundamental formh of the Lagrangian immersion of N satisfyh
This means exactly that the Lagrangian immersion is δ(n − 2)-ideal and minimal. Hence, we obtain the following results (remark the slight difference in notation compared to [15] ). Proposition 4.1. Let M be a δ(2, n − 2)-ideal Lagrangian submanifold of the complex Euclidean space C n (n ≥ 5) whose second fundamental form is given by case (II) of Lemma 3.2. Then M is locally congruent to the image of
where θ, ϕ and λ are functions of t only, satisfying
and Φ is a Legendre immersion into S 2n−1 (1) ⊂ C n whose composition with the Hopf fibration is a minimal δ(n − 2)-ideal Lagrangian immersion into CP n−1 (4).
Remark that the system (4.2) allows us to express all three unknown functions in terms of λ. Recall that λ > 0. It follows from the equations that λ 2 n−3 (λ 2 + ϕ 2 ) is a positive constant, say r 2 for some r > 0. Then ϕ = ± r 2 λ − 2 n−3 − λ 2 . After replacing E 1 by −E 1 if necessary, we may assume that ϕ > 0 and thus
where we have put c = 1/r. Since
direct integration using (4.3) yields
After a reparametrization t → λ(t), the coefficient in front of Φ in (4.1) is completely determined by (4.3) and (4.4).
Proposition 4.2. Let M be a δ(2, n − 2)-ideal Lagrangian submanifold of the complex projective space CP n (4) (n ≥ 5) whose second fundamental form is given by case (II) of Lemma 3.2. Then M is locally congruent to the image of π • L, where π :
is the Hopf fibration and
Proposition 4.3. Let M be a δ(2, n − 2)-ideal Lagrangian submanifold of the complex hyperbolic space CH n (−4) (n ≥ 5) whose second fundamental form is given by case (II) of Lemma 3.2. Then M is locally congruent to the image of π • L, where π :
is the Hopf fibration and L is one of the following.
where λ, ϕ and θ are functions of t only, satisfying
and Φ is a Legendre immersion into H 2n−1 1
(−1) whose composition with the Hopf fibration is a minimal
and Φ is a Legendre immersion into S 2n−1 (1) whose composition with the Hopf fibration is a minimal
where Φ = Φ(u 2 , . . . , u n ) parametrizes a minimal δ(n − 2)-ideal Lagrangian immersion into C n−1 and w = w(u 2 , . . . , u n ) is the unique solution of the PDE system w u k = Φ, iΦ u k for k = 2, . . . , n.
Classification in case (III) of Lemma 3.2
In this section we assume that M is a δ(2, n − 2)-ideal Lagrangian submanifold of a complex space formM n (4c) (n ≥ 5), whose second fundamental form is given by case (III) of Lemma 3.2.
5.1.
Proof that M is a warped product. We define the following two orthogonal distributions on M in terms of the orthonormal frame {E 1 , . . . , E n }:
Lemma 5.1. Let M be a δ(2, n−2)-ideal Lagrangian submanifold of a complex space formM n (4c), n ≥ 5, whose second fundamental form is given by case (III) of Lemma 3.2. Then D 2 is integrable.
The conditions γ > 0 and γ > 2nλ/3 imply 2λ − γ = 0 and hence we obtain
It also follows from (3.7) that (∇ Ei h)(E j , E 1 ), JE 2 = (γ−(n−1)λ) ∇ Ei E j , E 2 +µ ∇ Ei E j , E 1 for all i, j ≥ 3, which, in combination with Codazzi's equation and (5.2) gives 
Comparing the JE 1 -, JE 2 -and JE j -components (j = 3, . . . , n) of the Codazzi equation (∇ Ei h)(E 1 , E 1 ) = (∇ E1 h)(E 1 , E i ) (i = 3, . . . , n) gives respectively
for i, j ≥ 3. By changing the orthonormal frame {E 3 , . . . , E n } in D 2 if necessary, we may assume that ω
Thus, we find from
On the other hand, it follows from (5.11) that
By combining (5.16) and (5.17), we find 
By combining (5.23) and (5.24) we obtain
On the other hand, we find from (5.13) that
From (5.24) and the first equality in (5.10) we find
Now, (5.11), (5.27) and (5.22) yield
By substituting (5.24), (5.27) and (5.28) into (5.26) we find
Now, by comparing (5.25) and (5.29) we find
Thus µ = 0, which is a contradiction. Hence, case (a) cannot occur.
Case (b): ω 3 1 (E 1 ) = 0. In this case, the choice of E 3 we made before becomes arbitrary and thus equation (5.21) gives ω 3 1 (E 1 ) = µω 3 2 (E 1 ) = 0 for arbitrary E 3 . Thus, we have ω
for all i ≥ 3. We can now choose {E 3 , . . . , E n } such that
i.e., such that ω The second fundemental form (3.7) reduces to 
Thus (5.12), (5.35) and (5.38) give
Now, by using (5.20), (5.38) and (5.39), we find
which is a contradiction. Therefore, this case is again impossible. 
45) 
After long computation we also have
. By Codazzi's equation and (5.47), this would imply ω , we obtain E i γ = E i λ = 0. Hence, we have µ = 0 from (5.11). Also, we find (nλ − γ)ω 
Recall that γ = 2λ, which follows from γ > 0 and γ > 2nλ/3. We find from (5.9), (5.12) and (5.14) that
for i, j ≥ 3. Recall that D 1 is totally geodesic and D 2 is integrable. It now follows from (5.51)-(5.54) that leaves of D 2 are totally umbilical submanifolds of the Lagrangian submanifold M . In particular, we may put
for some functions p, q and all i ≥ 3. Since ω
for all V ∈ D 2 . From (5.51)-(5.55) we get
(5.57) By applying (5.56), we find
for all i, j, k ≥ 3. On the other hand, it follows from equation (2.5) of Gauss and (3.7) that
By combining (5.58) and (5.59) we get E j p = 0 for j ≥ 3. Similarly, we find by computing R(E i , E j )E 2 , E k and using (3.7), (5.56) and (5.57) that E j q = 0. Thus
for all j ≥ 3. Now, by applying (3.7), (5.48), (5.56), and the equation of Gauss,
where α, β = 1, 2, we find
Also, by applying (3.7), (5.48) and (5.57), we find from the equation of Codazzi, (
By applying (5.57), (5.62) and (5.63), we obtain It is well-known (see, for instance, [9, page 79] ) that the warping function f of the warped product
for any unit vector field V ∈ D 2 , where the superscript D 1 denotes the D 1 -component. Together with (5.56), this implies that
It follows from (5.56), (5.57) and (5.66) that the following two vector fields commute and hence determine coordinates (x, y) on M 2 :
(5.67) From (5.66) and (5.67), we find that the derivatives of f are
Remark that all functions appearing can now be explicitly expressed in terms of f . However, since the expressions are complicated and we will not need them to state our final result, we omit them here.
We can summarize this subsection as follows.
Proposition 5.1. Let M be a δ(2, n − 2)-ideal Lagrangian submanifold of a complex space form M n (4c), n ≥ 5, whose second fundamental form is given by case (III) of Lemma 3.2. Then M is locally a warped product M 2 × f M n−2 , where M 2 is an integral surface of the distribution D 1 = span{E 1 , E 2 } and M n−2 is an integral submanifold of the distribution D 2 = {E 3 , . . . , E n }. Moreover, M 2 is totally geodesic in M and M n−2 is spherical in M , in particular, there exist functions p and q such that ∇ V E 1 = −pV and ∇ V E 2 = −qV for all V ∈ D 2 . The derivatives of γ, λ, µ, p, q and f are given by (5.50), (5.57), (5.60), (5.62), (5.63) and (5.66). Finally, the vector fields (5.67) are coordinate vector fields on M 2 .
In the next three subsections we will classify the δ(2, n−2)-ideal Lagrangian submanifolds whose second fundamental form satisfies case (III) of Lemma 3.2 in the ambient spaces C n , CP n (4) and CH n (−4) respectively.
Classification in C
Lagrangian immersion whose second fundamental form is given by case (III) of Lemma 3.2. Then L is locally congruent to
where Φ defines a minimal Legendre immersion in S 2n−3 (1) ⊂ C n−1 and (f e ix , z) is a Lagrangian surface in C 2 , where f is determined by
and z by
Proof. Let L : M → C n be a δ(2, n − 2)-ideal Lagrangian immersion whose second fundamental form is given by case (III) of Lemma 3.2. It follows from Proposition 5.1 that M is locally a warped product M 2 × f M n−2 of a surface M 2 and an (n − 2)-dimensional Riemannian manifold M n−2 with warping function f satisfying (5.66). Using (5.64) and also (5.50) and (5.60), which imply that p, q, λ and µ are constant along D 2 , gives
for some positive constant C. Now choose coordinates (x, y) as in (5.67) and consider the map Φ defined by
Remark that Φ, Φ = 1. Denote by D the Euclidean connection on C n . From (3.1), (5.57), (5.62) and (5.64) we obtain
Also, by applying (3.1), (5.50), (5.56) and (5.60), we find
for all i ≥ 3. This implies that Φ is an immersion from M n−2 into S 2n−1 (1) ⊆ C n . We will show that the image of Φ is contained in a linear subspace C n−1 ⊆ C n and hence in a unit sphere S 2n−3 (1) ⊆ C n−1 . Therefore, consider for any point p ∈ M n−2 the complex linear subspace
To see that all these subspaces are in fact the same subspace of C n , we remark that from (3.1), (5.50), (5.55), (5.60) and (5.75)
which belongs again to span{Φ, (dΦ)(E 3 ), . . . , (dΦ)(E n )} for any i, j ≥ 3. We conclude that Φ is an immersion of M n−2 into S 2n−3 (1) ⊆ C n−1 ⊆ C n . Moreover, it follows from the computation above that the second fundamental form of the immersion Φ coincides with the second fundamental form of L restricted to M n−2 , which implies that Φ is a minimal Legendre immersion of M n−2 into S 2n−3 (1). Let us put
Then Ψ is orthogonal to Φ and
Moreover, since D EA Ψ = 0 for all A = 1, . . . , n, we can assume that, after a suitable isometry of the ambient space, Ψ = (0, . . . , 0, 1). Consequently, L takes the form
where z is a complex valued function whose derivatives are essentially computed in (5.78). By using (5.67), we obtain that z satisfies
The compatibility condition for this system is precisely (5.70). Note that everything is invariant under a rescaling of f , if, at the same time, we rescale the y-coordinate corresponding to (5.67). Hence, we may assume C = 1. Moreover, after an isometry of C n we may omit the minus signs in the first n − 1 components of L, obtaining (5.69).
n is Lagrangian, it follows from (5.79) that Φ is a Legendre minimal immersion in S 2n−3 (1) ⊂ C n−1 . Note that (f e ix , z) is a Lagrangian surface in C 2 . The converse can be verified by direct long computation.
Example 5.1. Let us construct an explicit example in dimension n = 5 by assuming that f y = 0. In that case, the general solution of (5.70) is given by
It then follows from the system (5.71) that z is independent of x and
Note that c 1 cannot be zero since (f (x)e ix , z(y)) has to be an immersion. It is a product of two plane curves and thus a Lagrangian surface in C 2 .
Classification in CP
Lagrangian immersion whose second fundamental form is given by case (III) of Lemma 3.2. Then the horizontal lift
where, with respect to a suitable orthogonal decomposition
is a minimal Legendre immersion, the warping function f is determined by
Proof. From (5.64) and (5.66), we obtain that
Now define the following three maps:
where x is the coordinate on M 2 defined in (5.67). Then Φ, Φ = 1 and, denoting by D the Euclidean connection on C n+1 , one also has D E1 Φ = D E2 Φ = 0 and
for j ≥ 3. This implies that Φ is an immersion from M n−2 into S 2n+1 (1) ⊆ C n+1 . We will now show that the image of Φ is actually contained in a linear subspace C n−1 of C n+1 and, since it has length one, in S 2n−3 (1) ⊆ C n−1 . Therefore, consider for any point p ∈ M n−2 the complex linear subspace
To see that all these subspaces are in fact the same subspace of C n+1 , we use (5.87) and the fact that
belongs again to span{Φ, (dΦ)(E 3 ), . . . , (dΦ)(E n )} for any j, k ≥ 3. We conclude that Φ is an immersion of M n−2 into S 2n−3 (1) ⊆ C n−1 ⊆ C n+1 . Moreover, it follows from the computation above that the second fundamental form of the immersion Φ coincides with the second fundamental form ofL restricted to M n−2 , which implies that Φ is a minimal Legendre immersion of M n−2
into S 2n−3 (1). It is clear that Θ 1 and Θ 2 take values in the orthogonal complement C 2 of C n−1 in C n+1 . Moreover, D Ej Θ 1 = D Ej Θ 2 = 0 for j ≥ 3 and the derivatives of Θ 1 and Θ 2 in the directions of E 1 and E 2 are linear combinations of Θ 1 and Θ 2 . With respect to the coordinates (x, y) introduced in (5.67), we have
The integrability condition for this system is
Since everything is invariant under a rescaling of f , if we rescale the y-coordinate accordingly, cfr. (5.67), we may assume C = 1. This yields the equations for f , Θ 1 and Θ 2 given in the proposition. The expression forL follows directly from (5.86). The converse can be verified by a long but straightforward computation.
of L is given by one of the following. 
where Φ : M n−2 → S 2n−3 (1) ⊆ C n−1 is a minimal Legendre immersion, the warping function f is determined by
1 is a solution of the system
where Φ :
(5.94) (c) With respect to the local coordinates (x, y) on M 2 introduced above and local coordinates
where the warping function f : M 2 → R is a solution of
and v : M → R is determined by
(5.99)
Proof. We divide the proof into three cases.
It follows from (5.64) and (5.66) that
for some real constant C > 0. Now consider the maps Case (2):
for some real constant C > 0. Now consider the maps Case (3): 
107) 
This implies that 
or, equivalently, It then follows from (5.116)-(5.118) that Ψ = (Ψ 2 +f e ix , Ψ 2 , Ψ 3 , . . . , Ψ n , fF e ix ) for some functions Ψ 2 , . . . , Ψ n : M → C. Now define real valued functions α, β and complex valued functions G 3 , . . . , G n by
and the conditon L ,L = −1 yields 120) where G, G denotes the square of the length of G = (G 3 , . . . , G n ) in C n−2 . By putting u = α + 1/f 2 and v = β, we obtain the desired expression forL and (5.98). Let us now check that G does not depend on x and y and is actually a Lagrangian immersion of M n−2 into C n−2 . Using (5.67), (5.104) and (5.105), we can expressL x andL y as linear combinations ofL, Φ and Θ. Since Φ = (1, 1, , 0 , . . . , 0, 0) and Θ = (F, F, 0, . . . , 0, 1), it follows from these expressions thatL 3 , . . . ,L n satisfy
By using thatL j = f e ix G j for j = 3, . . . , n and (5.68), we obtain from (5.121) that (G j ) x = (G j ) y = 0. To show that G : M n−2 → C n−2 is Lagrangian, it suffices to check that G uj , iG u k = 0 for all j, k = 1, . . . , n − 2. A straightforward computation shows that L uj , iL u k = f 2 G uj , iG u k and sinceL is Legendrian, we have L uj , iL u k = 0 so that we obtain the result.
Finally, we check that v satisfies the system (5.99). SinceL is horizontal, we have L x , iL = L y , iL = L uj , iL = 0 for all j = 1, . . . , n − 2. A straightforward computation, using (5.95), (5.97) and (5.98) then gives the result.
The converse can be verified by long but straightforward computation.
Main theorems
Finally, we summarize our results from above as the three main theorems. where, with respect to a suitable orthogonal decomposition C n+1 = C n−1 ⊕ C 2 , the map Φ is a minimal Legendre immersion into S 2n−3 (1) ⊆ C n−1 , the real function f is determined by
and Θ 2 is map into S 3 (1) ⊆ C 2 , which is a solution of
Remark 6.2. As pointed out in Remark 3.1, if M is a minimal δ(2, n−2)-ideal Lagrangian submanifold of CP n (4) and the bases given in Lemma 3.1 can be pasted together to form an orthonormal frame, then M is either δ(2)-ideal, δ(n−2)-ideal or δ(2, k)-ideal for some k satisfying 2 ≤ k < n−2. where Φ is a minimal δ(n − 2)-ideal Lagrangian immersion into C n−1 and w is the unique solution of the PDE system w u k = Φ, iΦ u k for k = 2, . . . , n; , which is a solution of
(e)L (x, y, u 1 , . . . , u n−2 ) = e ix f (x, y)Φ(u 1 , . . . , u n−2 ) − e i(n−1)x f (x, y) 2 − 1 Θ 2 (x, y), where, with respect to a suitable orthogonal decomposition C 
